o 
o 



> 



(GL n+1 (F),GL„(F)) IS A GELFAND PAIR 
FOR ANY LOCAL FIELD F 

AVRAHAM AIZENBUD, DMITRY GOUREVITCH, AND EITAN SAYAG 



Abstract. Let F be an arbitrary local field. Consider the standard embed- 
' ding GL„(F) <— ► GL„+i(F) and the two-sided action of GL n (F) X GL n (F) on 

GL„+i(F). 

In this paper we show that any GL n (F) X GL n (F)-invariant distribution 
on GLn+i(-F) is invariant with respect to transposition. 

We show that this implies that the pair (GL n +l(F), GL n (F)) is a Gelfand 
pair. Namely, for any irreducible admissible representation (n, E) of GL n _|_i(.F), 



dim Hom GLn{F) (E,C) < 1- 
For the proof in the archimedean case we develop several tools to study 
invariant distributions on smooth manifolds. 
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1. Introduction 



Let F be an arbitrary local field. Consider the standard imbedding GL n (F) e —* 
GL„ + i(F). We consider the two-sided action of GL„(F) x GL„(F) on GL n+ i(F) 
defined by (31,52)^ := 9\ hg^ 1 ■ In this paper we prove the following theorem: 

Theorem (A). Any GL„(F) x GL n (F) invariant distribution on GL„ + i(F) is 
invariant with respect to transposition. 

Theorem A has the following consequence in representation theory. 

Theorem (B). Let (tt,E) be an irreducible admissible representation o/GL n+ i(i 7 '). 
Then 



Since any character of GL„(F) can be extended to GL n +i(F), we obtain 

Corollary. Let (tt,E) be an irreducible admissible representation of GL n+ i(F) and 
let x be a character of Gh n (F). Then 



In the non-archimedean case we use the standard notion of admissible represen- 
tation (see |BZj ). In the archimedean case we consider admissible smooth Frechet 
representations (see section [2]). 

Theorem B has some application to the theory of automorphic forms, more 
specifically to the factorizability of certain periods of automorphic forms on GL n 



We deduce Theorem B from Theorem A using an argument due to Gelfand and 
Kazhdan adapted to the archimedean case. In our approach we use two deep results: 
the globalization theorem of Casselman-Wallach (see |Wal2j ) . and the regularity 
theorem of Harish-Chandra ( [Wall] , chapter 8). 

Clearly, Theorem B implies in particular that holds for unitary irreducible 
representations of GL n+ ±(F). That is, the pair (GL n+ i(F), GL n (F)) is a general- 
ized Gelfand pair in the sense of |vD] and |BvD| . 

The notion of Gelfand pair was studied extensively in the literature both in the 
setting of real groups and p-adic groups (e.g. [GKj . |vD| . |vDP| . [BvD] . |Gro| . 
[Praj and [JRj to mention a few) . In [vD| , the notion of generalized Gelfand pair is 
defined by requiring a condition of the form |1| for irreducible unitary representa- 
tions. The definition suggested in |Gro] refers to the non-archimedean case and to 
a property satisfied by all irreducible admissible representations. In both cases, the 
verification of the said condition is achieved by means of a theorem on invariant 
distributions. However, the required statement on invariant distributions needed 
to verify condition {]]) for unitary representation concerns only positive definite 
distributions. We elaborate on these issues in section [2 



(1) 



dim 7JomGL„ (F) (E , C) < 1. 



dim-ffom G L„(F)(7r,x) < 1- 



(see [FIT] and [FN]). 
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1.1. Related results. 

Several existing papers study related problems. 

The case of non-archimedean fields of zero characteristic is covered in [A"GRS 
(see also |AG2 ) where it is proven that the pair (GL n+ i(F),GL n (F)) is a strong 
Gelfand pair i.e. dim#(7r, a) < 1 for any irreducible admissible representation 7r of 
G and any irreducible admissible representation a of H. Here H = GL„(F) and 
G = GL n+1 (F). 

In |JRj . it is proved that (GL n+ i(i r ), GL n (F) x GLi(F)) is a Gelfand pair, where 
F is a local non-archimedean field of zero characteristic. 

In |vDP| it is proved that for n > 2 the pair (SL„+i(R), GL n (M)) is a gener- 
alized Gelfand pair and a similar result is obtained in |BvDj for the p-adic case, 
for n > 3. We emphasize that these results are proved in the realm of unitary 
representations. Another difference between these works and the present paper is 
that the embedding GL n (F) C GL n+ i(F) studied here does not factor through 
the embedding GL n (F) ^ SL n+1 (F) of [vDP] . In particular, (GL 2 {R),GL 1 (R)) 
is a generalized Gelfand pair, and the pair (ST^R), G£i(R)) is not a generalized 
Gelfand pair f [MoT] . [vD] 1 . 

1.2. Content of the Paper. 

We now briefly sketch the structure and content of the paper. 

In section [2] we prove that Theorem A implies Theorem B. For this we clar- 
ify the relation between the theory of Gelfand pairs and the theory of invariant 
distributions both in the setting of |vD| and in the setting of [Groj . 

In section [3] we present the proof of theorem A in the non-archimedean case. 
This section gives a good introduction to the rest of the paper since it contains 
many of the ideas but is technically simpler. 

In section 0] we provide several tools to study invariant distributions on smooth 
manifolds. We believe that these results are of independent interest. In particular 
we introduce an adaption of a trick due to Bernstein which is very useful in the 
study of invariant distributions on vector spaces (proposition I4.3.2|) . These results 
partly relay on |AGlj . 

In section [5] we prove Theorem A in the archimedean case. This is the main 
result of the paper. The scheme of the proof is similar to the non-archimedean 
case. However, it is complicated by the fact that distributions on real manifolds do 
not behave as nicely as distributions on £-spaces (see [BZJ. 

We now explain briefly the main difference between the study of distributions 
on ^-spaces and distributions on real manifolds. 

The space of distributions on an £-space X supported on a closed subset Z C X 
coincides with the space of distributions on Z. In the presence of group action on 
X, one can frequently use this property to reduce the study of distributions on X 
to distributions on orbits, that is on homogenous spaces. Although this property 
fails for distributions on real manifolds, one can still reduce problems to orbits. In 
the case of finitely many orbits this is studied in [Bruj . |CHM] . |AG1| . 

We mention that unlike the p-adic case, after the reduction to the orbits one 
needs to analyze generalized sections of symmetric powers of the normal bundles to 
the orbits, and not just distributions on those orbits. Here we employ a trick, propo- 
sition 14. 3. 1| which allows us to recover this information from a study of invariant 
distributions on a larger space. 
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In section|A]we provide the proof for the Frobenius reciprocity. The proof follows 
the proof in [Barj (section 3). 

In section [B] we prove the rest of the statements of section @] 
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2. Generalized Gelfand pairs and invariant distributions 

In this section we show that Theorem A implies Theorem B. When F is non- 
archimedean this is a well known argument of Gelfand and Kazhdan (see |GK[ 
IPra| ) . When F is archimedean and the representations in question are unitary 
such a reduction is due to |Thoj . We wish to consider representations which are not 
necessarily unitary and present here an argument which is valid in the generality 
of admissible smooth Frechet representations. Our treatment is close in spirit to 
[Shaj (where multiplicity one result of Whittakcr model is obtained for unitary 
representation) but at a crucial point we need to use the globalization theorem of 
Casselman-Wallach. 

2.1. Smooth Frechet representations. 

The theory of representations in the context of Frechet spaces is developed in 
|Cas2j and |Wal2j . We present here a well-known slightly modified version of that 
theory. 

Definition 2.1.1. Let V be a complete locally convex topological vector space. 
A representation (ir, V, G) is a continuous map G x V — > V. A representation is 
called Frechet if there exists a countable family of semi-norms pi on V defining 
the topology of V and such that the action of G is continuous with respect to each 
Pi. We will say that V is smooth Frechet representation if, for any lEg the 
differentiation map v t— > t:(X)v is a continuous linear map from V to V. 

An important class of examples of smooth Frechet representations is obtained 
from continuous Hilbert representations (tt, H) by considering the subspace of 
smooth vectors H°° as a Frechet space (see [Wall] section 1.6 and |Wal2] 11.5). 

We will consider mostly smooth Frechet representations. 

Remark 2.1.2. In the language of [Wal2 and |Cas| the representations above are 
called smooth Frechet representations of moderate growth. 

Recall that a smooth Frechet representation is called admissible if it is finitely 
generated and its underlying (g, A")-module is admissible. In what follows admis- 
sible representation will always refer to admissible smooth Frechet representation. 
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For a smooth admissible Frechet representation (tt,E) we denote by (tt,E) the 
smooth contragredient of (tt, E). 

We will require the following corollary of the globalization theorem of Casselman 
and Wallach (see |Wal2j , chapter 11). 

Theorem 2.1.3. Let E be an admissible Frechet representation, then there exists 
a continuous Hilbert space representation (tt,H) such that E = H 00 . 

This theorem follows easily from the embedding theorem of Casselman combined 
with Casselman- Wallach globalization theorem. 

Frechet representations of G can be lifted to representations of 5(G), the Schwartz 
space of G. This is a space consisting of functions on G which, together with all 
their derivatives, are rapidly decreasing (see [Casj . For an equivalent definition see 
section 14.11) . 

For a Frechet representation (tt, E) of G, the algebra S(G) acts on E through 



(see [Wall] . section 8.1.1). 

The following lemma is straitforward: 

Lemma 2.1.4. Let (tt,E) be an admissible Frechet representation of G and let 
A G E* . Then <f> — > tt(4>)\ is a continuous map S(G) — » E. 

The following proposition follows from Schur's lemma for (g, K) modules (see 
Wall page 80) in light of Casselman- Wallach theorem. 

Proposition 2.1.5. Let G be a real reductive group. Let W be a Frechet representation 
of G and let E be an irreducible admissible representation of G. Let Ti,T% :W^E 
be two embeddings of W into E. Then T\ and Ti are proportional. 

We need to recall the basic properties of characters of representations. 

Proposition 2.1.6. Assume that (tt, E) is admissible Frechet representation. Then 
tt(4>) is of trace class, and the assignment (j) — > trace(Tr((j))) defines a continu- 
ous functional on S(G) i.e. a Schwartz distribution. Moreover, the distribution 
Xir(4>) — trace(7r(<j))) is given by a locally integrable function on G. 

The result is well known for continuous Hilbert representations (see |Wallj chap- 
ter 8). The case of admissible Frechet representation follows from the case of Hilbert 
space representation and theorem I2.1.3I 

Another useful property of the character (see loc. cit.) is the following proposi- 
tion: 

Proposition 2.1.7. If two irreducible admissible representations have the same 
character then they are isomorphic. 

Proposition 2.1.8. Let (tt,E) be an admissible representation. Then E = E. 
For proof see pages 937-938 in [GP] , 

2.2. Three notions of Gelfand pair. 

Let G be a real reductive group and H C G be a subgroup. Let (tt, E) be an 
admissible Frechet representation of G as in the previous section. We are interested 



(2) 
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in representations (tt, E) which admit a continuous if -invariant linear functional. 
Such representations of G are called ^/-distinguished. 

Put differently, let Hoi71h(E,C) be the space of continuous functionals A : E — > 
C satisfying 

Ve S E,Mh e H : X(he) = A(e) 
The representation (tt,E) is called //-distinguished if Homu(E,€.) is non-zero. 
We now introduce three notions of Gelfand pair and study their inter-relations. 

Definition 2.2.1. Let H C G be a pair of reductive groups. 

• We say that (G, H) satisfy GP1 if for any irreducible admissible represen- 
tation (tt, E) of G we have 

dim Horn H {E,C) < 1 

• We say that (G, H) satisfy GP2 if for any irreducible admissible represen- 
tation (tt, E) of G we have 

dim Horn H (E,C) ■ dim Hom H (E, C) < 1 

• We say that (G, H) satisfy GP3 if for any irreducible unitary representa- 
tion (tt, W) of G on a Hilbert space W we have 

dimHom H (W°°,C) < 1 

Property GP1 was established by Gelfand and Kazhdan in certain p-adic cases 
(see |GKj ). Property GP2 was introduced by [Groj in the p-adic setting. Prop- 
erty GP3 was studied extensively by various authors under the name generalized 
Gelfand pair both in the real and p-adic settings (see e.g. |vDPj . [BvD ). 

We have the following straitforward proposition: 

Proposition 2.2.2. GP1 GP2 =>■ GPS. 

2.3. Gelfand pairs and invariant distributions. 

The theory of generalized Gelfand pairs as developed in |vDPj and [Thoj provides 
the following criterion to verify GP3. 

Theorem 2.3.1. Let r be an involutive anti-automorphism of G such that t(H) = 
H . Suppose t(T) = T for all bi H -invariant positive definite distributions T on G. 
Then (G, H) satisfies GPS. 

This is a slight reformulation of Criterion 1.2 of |vD| . page 583. 

We now consider an analogous criterion which allows the verification of GP2. 
This is inspired by the famous Gelfand-Kazhdan method in the p-adic case. 

Theorem 2.3.2. Let r be an involutive anti- automorphism of G and assume that 
t(H) — H. Suppose t(T) = T for all bi H -invariant distributions on G. Then 
(G,H) satisfies GP2. 

Proof. Let (tt, E) be an irreducible admissible Frechet representation. If E or E 
are not distinguished by H we are done. Thus we can assume that there exists 
a non-zero A : E — > C which is _ff-invariant. Now let £1,^2 be two non-zero H- 
invariant functionals on E. We wish to show that they are proportional. For this 
we define two distributions D\ , D2 as follows 

D i (4>)=l i (TT(<l>)X) 



In fact it is enough to check this only for Schwartz distributions. 
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for i = 1,2. Here </> 6 S(G). Note that Di are also Schwartz distributions. Both 
distributions are bi-if-invariant and hence, by the assumption, both distributions 
are r invariant. Now consider the bilinear forms on S(G) defined by 

Bi(01,02)=A(01*&). 

Since E is irreducible, the right kernel of B\ is equal to the right kernel of B^. We 
now use the fact that Di are r invariant. Denote by Ji the left kernels of Bi. Then 
Ji = J2 which we denote by J. Consider the Frechet representation W = S(G)/J 

and define the maps Ti : S(G) — > E = by li(</>) = Tr(cj))£i. These are well 
defined by Lemma 12.1.41 and we use the same letters to denote the induced maps 
Ti : W — » E. By proposition ^. 1.5( T\ and T2 are proportional and hence l\ and £2 
are proportional and the proof is complete. □ 

2.4. Archimedean analogue of Gelfand-Kazhdan's theorem. 

To finish the proof that Theorem A implies Theorem B we will show that in 
certain cases, the property GP1 is equivalent to GP2. 

Proposition 2.4.1. Let H < GL n (F) be a transposition invariant subgroup. Then 
GP1 is equivalent to GP2 for the pair (GLi n (F),H). 

For the proof we need the following notation. For a representation (tt, E) of 
GL n (F) we let (7?, E) be the representation of GL n (F) defined by tt = tt o 9, where 
is the (Cartan) involution 8(g) = g^ 1 . Since 

HomniTT, C) = Hornn^, C) 

the following analogue of Gelfand-Kazhdan theorem is enough. 

Theorem 2.4.2. Let (ir,E) be an irreducible admissible representation of GL n (F). 
Then tt is isomorphic to tt. 

Remark 2.4.3. This theorem is due to Gelfand and Kazhdan in the p-adic case (they 
show that any distribution which is invariant to conjugation is transpose invariant, 
in particular this is valid for the character of an irreducible representation) and due 
to Shalika for unitary representations which are generic ( |Sha| ). We give a proof in 
complete generality based on Harish- Chandra regularity theorem (see chapter 8 of 
[Wall]). 

Proof of theorem \2.J^.2\ Consider the characters Xit an d Xff ■ These are locally in- 
tegrable functions on G that are invariant with respect to conjugation. Clearly, 

XtKsO = XttGT 1 ') 

and 

But for g G GL n (F), the elements g^ 1 and g~ xt are conjugate. Thus, the characters 
of tt and tt are identical. Since both are irreducible, Theorem 8.1.5 in [Wallj . implies 
that tt is isomorphic to tt. □ 

Corollary 2.4.4. Theorem A implies Theorem B. 

Remark 2.4.5. The above argument proves also that Theorem B follows from a 
weaker version of Theorem A, where only Schwartz distributions are considered 
(these are continuous functionals on the space S(G) of Schwartz functions). 
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Remark 2.4.6. The non-archimedean analogue of theorem 12.3.21 is a special case 
of Lemma 4.2 of [Praj . The rest of the argument in the non-archimedean case is 
identical to the above. 

3. Non-archimedean case 

In this section F is a non-archimedean local field of arbitrary characteristic. We 
will use the standard terminology of /-spaces introduced in |BZ] , section 1. We 
denote by S(X) the space of Schwartz functions on an /-space X, and by S*(X) 
the space of distributions on X equipped with the weak topology. 

We fix a nontrivial additive character ip of F. 

3.1. Preliminaries. 

Definition 3.1.1. Let V be a finite dimensional vector space over F. A subset 
C C V is called a cone if it is homothety invariant. 

Definition 3.1.2. Let V be a finite dimensional vector space over F. Note that 
F x acts on V by homothety. This gives rise to an action p of F x on S*(V). Let a 
be a character of F x . 

We call a distribution £ G S*(V) homogeneous of type a if for any t G F x , 
we have p(t)(£) = That is > for an Y function f G 5(F), = 

<*(*)£(/), where p^X/)^) = f(tv). 

Let LsubsetF be a subfield. We will call a distribution £ £ 5* (V) L-homogeneous 
of type a if for any t G L x , we have p(i)(£) = a -1 (t)£. 

Example 3.1.3. A Haar measure on V is homogeneous of type | • | dlmy . The Dirac's 
^-distribution is homogeneous of type 1. 

The following proposition is straightforward. 

Proposition 3.1.4. Let a l-group G act on an l-space X . Let X = (Ji=o -^i ^ e a 
G-invariant stratification of X . Let x be a character of G. Suppose that for any 
i = l...l, 5*(A 4 ) G ^ = 0. Then S*(X) G ^ = 0. 

Proposition 3.1.5. Let Hi C Gi be l-groups acting on l-spaces Xi for i = 1 . . . n. 

Suppose that S*(Xi) Hi = 5*(X,) Gl for alii. Then S* (JJ X^ H * = S*(U Xi)^ Gi . 

Proof. It is enough to prove the proposition for the case n — 2. Let £ € S*(X\ x 
Xi) HlXff2 . Fix fx G S[Xx) and f 2 G S(Xi). It is enough to prove that for any 
gx e Gx and g 2 & G 2 , we have ^gx(fi) ® S2C/2)) = ® /a). Let & e 5*(Xi) be 
the distribution defined by £i(/) := £(/ <8> j^)- It is Hi -invariant. Hence also Gi- 
invariant. Thus ® /a) = £(<7i(/i) £3> /z)- By the same reasons £(<7i(/i) <8 /a) = 
f(ffi(/i)®fla(/2))- □ 
We will use the following important theorem proven in [Berl] . section 1.5. 

Theorem 3.1.6 (Frobenius reciprocity). Let a unimodular l-group G act transi- 
tively on an l-space Z. Let if : X — > Z be a G-equivariant continuous map. Let 
z G Z. Suppose that its stabilizer Stabc^) is unimodular. Let X z be the fiber 
of z. Let x be a character of G. Then S*(X) G ' X is canonically isomorphic to 

S*(A;) Stab ^)<X. 

The next proposition formalizes an idea from jBer2]. The key tool used in its 
proof is Fourier Transform. 
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Proposition 3.1.7. Let G be an l-group. Let V be a finite dimensional represen- 
tation of G over F . Suppose that the action of G preserves some non- degenerate 

n 

bilinear form on V . Let V = [J Ci be a stratification of V by G-invariant cones. 

i=l 

Let X be a set of characters of F x such that the set X • X does not contain the 
character \ ■ | dlm ^. Let x be a character of G. Suppose that for any i, the space 
S*(Ci) G:X consists of homogeneous distributions of type a for some a G X. Then 
S*(V) G ' X = 0. 

In section |B3] we prove an archimedean analog of this proposition, and the same 
proof is applicable in this case. 

3.2. Proof of Theorem A for non-archimedean F. 

We need some further notations. 

Notation 3.2.1. Denote H := H n := GL„ := GL„ (F) . Denote 

G := G„ := {(h x ,h 2 ) £ GL„ x GL n | det(hi) = det(h 2 )}. 

We consider H to be diagonally embedded to G. 

Consider the action of the 2-element group S 2 orL G given by the involution 
(hi,h,2) i— > (h^ 1 ). It defines a semidirect product G := G n := G x S 2 - 

Denote also H := H n := H n x 5 2 . 

Let V = F n jai& X := X n := gl n (F) xV xV*. 

The group G acts on X by 

(hi, h®) (A, v, <fi) :— (hiAh^ 1 , hiv, h^ 1 cj)) and 
o-(A,v,<f>) := (A\ 4> t ,v t ) 
where (hi,h 2 ) £ G and a is the generator of 5*2. Note that G acts separately on 
gl n and on V x V* . Define a character % of G by x(9^ s ) '■— sign(s). 

We will show that the following theorem implies Theorem A. 
Theorem 3.2.2. S*(X) G >* = 0. 

3.2.1. Proof that theorem \3.2.2\ imvlies theorem A. 

We will divide this reduction to several propositions. 
Consider the action of G n on GL n+1 and on gl n+1 , where G n acts by the two-sided 
action and the generator of S 2 acts by transposition. 

Proposition 3.2.3. If S*(GL n+ i) G "' x = then theorem A holds. 

The proof is straightforward. 

Proposition 3.2.4. If S*{g\ n+1 ) G "' X = then S*(GL n+1 ) G "^ = 0. 

ProofE Let £ £ S*{GL n+1 ) G -' x . We have to prove £ = 0. Assume the contrary. 
Take p G Supp(£). Let t = det(p). Let / £ S(F) be such that / vanishes in a 
neighborhood of zero and f(t) 0. Consider the determinant map det : GL„ + i — > 
F. Consider £' := (/ o det) • £. It is easy to check that f £ S* [GL n+1 ) G "- x and 
p G Supp(£'). However, we can extend £' by zero to G 5*(gl n+1 ) G " :X , which is 
zero by the assumption. Hence £' is also zero. Contradiction. □ 



This proposition is an adaption of a statement in |Berll , section 2.2. 
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Proposition 3.2.5. IfS*(X n ) 5n ' x = then 5*(gl n+1 ) G "' x = 0. 

Proof. Note that gl, i+1 is isomorphic as a G n -equivariant Z-space to X n x F where 
the action on F is trivial. This isomorphism is given by 

h-> ((A,v,<p),t). 

(plxn t J 

The proposition now follows from proposition 13 . i . 51 □ 

This finishes the proof that theorem 13.2.21 implies Theorem A. 

3.2.2. Proof of theorem\3jM 

We will now stratify X(= gl n x V x V*) and deal with each strata separately. 

Notation 3.2.6. Denote W := W n := V n © V*. Denote by Q z := Q l n C gl„ the set 
of all matrices of rank i. Denote Z l := Z l n := Q l n x W n . 

Note that X = \JZ % . Hence by proposition 13.1.41 it is enough to prove the 
following proposition. 

Proposition 3.2.7. S*(Z l ) G >* = for any i = 0, 1, ...,n. 

We will use the following key lemma. 
Lemma 3.2.8 (Non-archimedean Key Lemma). S*(W) H ' X = 0. 

For proof see section [331 below. 
Corollary 3.2.9. Proposition \&.2.7\ holds for i = n. 

Proof. Clearly, one can extend the actions of G on Q n and on Z n to actions of 
GL n x GL n := (GL n x GL n ) x 52 in the obvious way. 
Step 1. s*(£»)Gi^Gz.„,x _ o 

Consider the projection on the first coordinate from Z n to the transitive GL n x GL n - 
space Q n = GL n . Choose the point Id 6 Q n . Its stabilizer is H and its fiber is W . 
Hence by Frobenius reciprocity (theorem [3X5} , S* {Z n ) GL ™ xGL ™^ = S*{W) H > X 
which is zero by the key lemma. 

Step 2. S*(Z n ) S >x = 0. 
Consider the space Y := Z n x F x and let the group GL n x GL n act on it 
by (hx, h,2){z, A) := ((hi, h 2 )z, det h\ det h^ 1 ^). Extend this action to action of 
GL n x GL n by a(z,X) :— (a(z),X). Consider the projection Z n x F x — » F x . By 
Frobenius reciprocity (theorem 13. 1 .6[) . 

Let y be equal to Y as an ^-space and let GL n x GL n act on y' by (hi, h<z)(z, A) := 
((hi,h 2 )z, A) and cr(z, A) := (a(z), A). Now y is isomorphic to Y' as a Gi„ x Gi„ 
space by ((A, v, <j>), A) ((A, «,<?!>), AdetA -1 ). 

Since l s*(z") GL ^ L "'X = q, proposition [5X5] implies that 5*(y')Gi„xGi n , x = 
and hence 5*(y)G£3Gi„,x = q and thus = q. □ 

Corollary 3.2.10. We have 

S*(Wi x W n -i) Hi * H »-* = S*(Wi x W n ^ f> x "-\ 
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Proof. It follows from the key lemma and proposition 13 . 1 . 51 □ 

Now we are ready to prove proposition 13.2.71 

Proof of proposition \3. 2. 7\ Fix i < n. Consider the projection pri : Z l — > Q l . It is 
easy to see that the action of G on Q l is transitive. We are going to use Frobenius 
reciprocity. 
Denote 

*-('*« 

Denote by Ga { '■= Stabc^i) and Gj^ := Stabg(Aj). 
It is easy to check by explicit computation that 

• GAi and Gai are unimodular. 

• Hi x G n -i can be canonically embedded into GAi ■ 

• W is isomorphic to Wi x W n -i as H L x G„-i-spaces. 
By Frobenius reciprocity (theorem 13. 1.6[) . 

S*(Z i ) S ' x = S*(W) d ^' x . 

Hence it is enough to showjhat S*(W) Ga * = S*{W) 5a *. Let £ € S^PF) - 4 *. By 
the previous corollary, t; is Hi x i?„_i-invariant. Since £ is also Ga { -invariant, it is 
Gai -invariant. □ 

3.3. Proof of the key lemma 0emma l3.2.8p . 

Our key lemma is proved in section 10.1 of |RSj . The proof below is slightly 
different and more convenient to adapt to the archimedean case. 

Proposition 3.3.1. It is enough to prove the key lemma for n = 1. 

Proof. Consider the subgroup T n C H n consisting of diagonal matrices, and T n := 
T n xS 2 C H n . It is enough to prove 5*(W„) T "' X = 0. 

Now, by proposition 13 . 1 . 5l it is enough to prove S* (Wi) Hl,x =0. □ 

From now on we fix n := 1, H := Hi, H := Hi and W :— Wi. Note that 
H = F x and W — F 2 . The action of H is given by p(X)(x,y) :— (Ax,A~ 1 y) and 
extended to the action of H by the involution er(x, y) = (y, x). 

Let Y := {(x,y) e F 2 \ xy = 0} C W be the cross and Y' :=Y \ {0}. 

By proposition 13.1.71 it is enough to prove the following proposition. 

Proposition 3.3.2. 

(i) S*({0}f' x = 0- 

(ii) Any distribution £ S S* (Y') H ,x is homogeneous of type 1. 
(Hi) S*(W\Y) S ' X = 0. 

Proof, (i) and (ii) are trivial. 

(iii) Denote U :—W\Y. We have to show S*(U) H ' X = 0. Consider the coordinate 
change U = F x x F x given by (x, y) {xy. x/y). It is an isomorphism of ii-spaces 
where the action of H on F x x F x is only on the second coordinate, and given by 
X(w) — \ 2 w and a(w) — w -1 . Clearly, S*(F X ) H ' X = and hence by proposition 
l3~i~5l S*fF x x F x )"' x = 0. □ 
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4. Preliminaries on equivariant distributions in the Archimedean case 

From now till the end of the paper F denotes an archimedean local field, that is 
R or C. Also, the word smooth means infinitely differentiable. 

4.1. Notations. 

4.1.1. Distributions on smooth manifolds. 

Here we present basic notations on smooth manifolds and distributions on them. 

Definition 4.1.1. Let X be a smooth manifold. Denote by C£°(X) the space of 
complex-valued test functions on X, that is smooth compactly supported functions, 
with the standard topology, i.e. the topology of inductive limit of Frechet spaces. 

Denote T>(X) := C%°(X)* equipped with the weak topology. 

For any vector bundle E over X we denote by (X, E) the complexification 
of space of smooth compactly supported sections of E and by T>(X, E) its dual 
space. Also, for any finite dimensional real vector space V we denote C£°(X, V) := 
C C °°(A, X x V) and V(X, V) := V(X, X x V), where X x V is a trivial bundle. 

Definition 4.1.2. Let X be a smooth manifold and let Z C X be a closed subset. 
We denote V X (Z) := {£ 6 D(A)|Supp(£) C Z}. 

For locally closed subset Y C X we denote T>x(Y) := ^ ) x\(Y\i')(^)- ^ n tne 
same way, for any bundle £ on I we define T>x (Y, E) . 

Notation 4.1.3. Let X be a smooth manifold and Y be a smooth submanifold. We 
denote by Ny ■= (Tx\y)/Ty the normal bundle to Y in X. We also denote by 
CNy := (Ny)* the conormal bundle. For a point y € Y we denote by Ny the 
normal space to Y in X at the point y and by CNy y the conormal space. 

We will also use notions of a cone in a vector space and of homogeneity type of a 
distribution defined in the same way as in non-archimedean case (definitions 13.1.11 
and HXg) . 

4.1.2. Schwartz distributions on Nash manifolds. 

Our proof of Theorem A uses a trick (proposition 14 . 3 ."2|) involving Fourier Trans- 
form which cannot be directly applied to distributions. For this we require a theory 
of Schwartz functions and distributions as developed in |AG1] . This theory is devel- 
oped for Nash manifolds. Nash manifolds are smooth semi-algebraic manifolds but 
in the present work only smooth real algebraic manifolds are considered (section [B] 
is a minor exception). Therefore the reader can safely replace the word Nash by 
smooth real algebraic. 

Schwartz functions are functions that decay, together with all their derivatives, 
faster than any polynomial. On R™ it is the usual notion of Schwartz function. For 
precise definitions of those notions we refer the reader to [AGlj . We will use the 
following notations. 

Notation 4.1.4. Let A be a Nash manifold. Denote by S(X) the Frechet space of 
Schwartz functions on X. 

Denote by S* (X) := S(X)* the space of Schwartz distributions on X. 

For any Nash vector bundle E over X we denote by S(X, E) the space of Schwartz 
sections of E and by S* (A, E) its dual space. 
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Definition 4.1.5. Let X be a smooth manifold, and let Y C X be a locally closed 
(semi-)algebraic subset. Let E be a Nash bundle over X. We define S X (Y) and 
S X (Y, E) in the same way as V X (Y) and V X (Y, E). 

Remark 4.1.6. All the classical bundles on a Nash manifold are Nash bundles. 
In particular the normal and conormal bundle to a Nash submanifold of a Nash 
manifold are Nash bundles. For proof see e.g. |AGlj . section 6.1. 

Remark 4.1.7. For any Nash manifold X, we have C™(X) C S(X) and S*(X) C 
V(X). 

Remark 4.1.8. Schwartz distributions have the following two advantages over gen- 
eral distributions: 

(i) For a Nash manifold X and an open Nash submanifold U C X, we have the 
following exact sequence 

— S X (X \ U) -» S*{X) -> 5*(C7) -» 0. 

(see Theorem IB.2.21 in Appendix [B| . 

(ii) Fourier transform defines an isomorphism T : 5*(K n ) — » 5*(R n ). 
4.2. Basic tools. 

We present here basic tools on equivariant distributions that we will use in this 
paper. All the proofs are given in the appendices. 

Theorem 4.2.1. Let a real reductive group G act on a smooth affine real algebraic 
variety X . Let X — (Ji=o be a sm ooth G-invariant stratification of X . Let \ be 
an algebraic character of G. Suppose that for any k £ Z>o and any < i < I we 
have V(X t , Sym k (CN^)) G ^ = 0. Then V(X) G -* = 0. 

For proof see appendix IB. 21 

Proposition 4.2.2. Let Hi C Gi be Lie groups acting on smooth manifolds Xi 
for i = 1 . . . n. Let Ei — » X; &e (finite dimensional) Gi- equivariant vector bundles. 
Suppose that V(X t ,E t ) H ' = V{X l ,E l ) G - for all i. Then T>(]J Xi, MEi)^ Hi = 
T)(Y[Xi,^Ei)^- Gi , where M denotes the external product of vector bundles. 

The proof of this proposition is the same as of its non-archimedean analog (propo- 
sition 13 . 1 . 5|) . 

Theorem 4.2.3 (Frobenius reciprocity). Let a unimodular Lie group G act tran- 
sitively on a smooth manifold Z . Let ip : X — > Z be a G-equivariant smooth map. 
Let Zq G Z . Suppose that its stabilizer Stabc(zo) * s unimodular. Let X ZQ be the 
fiber of zq. Let \ be a character of G. Then D(X) G,X is canonically isomorphic to 
V(X ZQ ) stahG( - Za ^*. Moreover, for any G-equivariant bundle E on X and a closed 
StabG(zo)-invariant subset Y C X ZQ , the space T>x(GY, E) G ' X is canonically iso- 
morphic to Vxz a (Y,E\x; f tahG{za) > x . 

In section [X] we formulate and prove a more general version of this theorem. 
The next theorem shows that in certain cases it is enough to show that there are 
no equivariant Schwartz distributions. This will allow us to use Fourier transform. 
We will need the following theorem from |AG3j . Theorem 4.0.2. 

Theorem 4.2.4. Let a real reductive group G act on a smooth affine real algebraic 
variety X . Let V be a finite- dimensional algebraic representation of G. Suppose 
that 

S*(X, V) G = 0. 



14 



AVRAHAM AIZENBUD, DMITRY GOUREVITCH, AND EITAN SAYAG 



Then 

V(X,V) G = 0. 
For proof see |AG3j . Theorem 4.0.2. 

4.3. Specific tools. 

We present here tools on equivariant distributions which are more specific to our 
problem. All the proofs are given in Appendix [Bl 

Proposition 4.3.1. Let a Lie group G act on a smooth manifold X. Let V be 
a real finite dimensional representation of G. Suppose that G preserves the Haar 
measure on V . Let U C V be an open non-empty G-invariant subset. Let x be a 
character ofG. Suppose that V{X x U) G < X = 0. Then V(X, Sym k {V)) G < x = 0. 

For proof see section IB. 41 

Proposition 4.3.2. Let G be a Nash group. Let V be a finite dimensional repre- 
sentation of G over F . Suppose that the action of G preserves some non- degenerate 

n 

bilinear form B on V . Let V = [J Si be a stratification of V by G-invariant Nash 

i=i 

cones. 

Let X be a set of characters of F x such that the set X ■ X does not contain the 
character | • | dlm K ^ . £, e t % be a character of G. Suppose that for any i and k, the 
space S* (Si, Sym k (CN^.)) G ' x consists of homogeneous distributions of type a for 
some aeX. Then S*(V) G <* = 0. 

For proof see section IB. 31 

In order to prove homogeneity of invariant distributions we will use the following 
corollary of Frobenius reciprocity. 

Proposition 4.3.3 (Homogeneity criterion). LetG be a Lie group. LetV be a finite 
dimensional representation of G over F. Let C <ZV be a G-invariant G-transitive 
smooth cone. Consider the actions of G x F x on V, C and CNq , where F x acts 
by homotheties. Let \ be a character of G. Let a be a character of F x . Consider 
the character \' '■— X x a of G x F x . Let xq £ C and denote H :— Stabc(xo) 
and H' := Stab GxF x (xq). Suppose that G,H,H' are unimodular. Fix k G Z>q. 

Then the space T>(C, Sym k (CN^)) G ' x consists of homogeneous distributions of 
type a if and only if 

(Sym k (N^ Xg ) ® R C) H - X = (Sym k (Nl Xo ) ® R C) H ' . 

5. Proof of Theorem A for Archimedean F 

We will use the same notations as in the non-archimedean case (see notation l3.2.1|) . 
Again, the following theorem implies Theorem A. 

Theorem 5.0.1. V(X) G - X = 0. 

The implication is proven exactly in the same way as in the non-archimedean 
case (subsection 13.2. lj) . 
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5.1. Proof of theorem 15.0.11 

We will now stratify X(= gl n x V x V*) and deal with each strata separately. 

Notation 5.1.1. Denote W := W n := V n © V*. Denote by Q l := Q l n C gl„ the set 
of all matrices of rank i. Denote Z l := Z l n := Q l n x W n . 

Note that X = [J Z l . Hence by theorem l4.2.11 it is enough to prove the following 
proposition. 

Proposition 5.1.2. V(Z\ Sym k (CN§ i )) S '^ = for any k and i. 

We will use the following key lemma. 
Lemma 5.1.3 (Key Lemma). T>(W) 5 ' X = 0. 

For proof see subsection 15.21 below. 
Corollary 5.1.4. Proposition \5.1.$ holds for i = n. 

The proof is the same as in the non-archimedean case (corollarv l3.2.9p . 
Corollary 5.1.5. V(W n , Sym k {g\* n )) G <* = 0. 

Proof. Consider the Killing form K : gl* — » gl„. Let U := K^ 1 (Q^). In the same 
way as in the previous corollary one can show that V(W n x U) G ' X = 0. Hence by 
proposition SXU V{W n , Sym k (gl* n )) G ^ = 0. □ 

Corollary 5.1.6. We have 

V(W t x W n -u Sym k (0 x gl^))^ xG — = V{W % x W n - U Sym k (0 x gl*_ .)f^ G «-\ 

Proof. It follows from the key lemma, the last corollary and proposition 14.2.21 □ 

Now we are ready to prove proposition 15.1.21 

Proof of vrovosition [5.1.2[ Fix i < n. Consider the projection pr% : Z l — > Q % . It is 
easy to see that the action of G on Q l is transitive. Denote 

A, .„('*«. l)e Q <. 

Denote by Gai '■— Stabc^z) and GAi '■= Stabg(A;). Note that they are unimod- 
ular. By Frobenius reciprocity (theorem 14.2. 3| . 

V(Z i ,Sym k (CN% i )) 8 < x = V(W,Sym k (CN^? A jf A *< x . 

Hence it is enough to show that 

D(W, Sym k (CN^r Az )) GAt = Sym k {C Np^f A > . 

It is easy to check by explicit computation that 

• Hi x G n -i is canonically embedded into GAi > 

• W is isomorphic to Wi x W n -i as Hi x G„_i-spaces 

• CNq? a is isomorphic to x gl*_^ as Hi x G n -i representations. 

Let £ 6 V(W,Syrn k (CN^? A .)) GA i. By the previous corollary, f is Hi x ($„_*- 
invariant. Since £ is also GAi -invariant, it is Ga { -invariant. □ 
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5.2. Proof of the key lemma (lemma l5.1.3p . 

As in the non-archimedean case, it is enough to prove the key lemma for n = 1 
(see proposition 13 . 3 . 1| ) . 

From now on we fix n := 1, H := Hi, H := Hi and W :— W\. Note that 
H = F x and W — F 2 . The action of H is given by p(X)(x,y) :— (Ax,A _1 y) and 
extended to the action of H by the involution a(x, y) = (y, x). 

Let Y := {{x,y) e F 2 \ xy = 0} C W be the cross and Y' :=Y\ {0}. 

Lemma 5.2.1. Every (H, x)-equivariant distribution on W is supported inside the 
cross Y . 

The proof of this lemma is identical to the proof of proposition 13 . 3 . 2l (iii). 

To apply proposition ^. 3. 2| f which uses Fourier transform) we need to restrict our 
consideration to Schwartz distributions. By theorem 14.2.41 in order to show that 
V W {Y) H * = it is enough to show that S*(W) H > X = 00. By proposition [4321 it 
is enough to prove the following proposition. 

Proposition 5.2.2. 

(i) S*{W\Y) S * = 0. 

(ii) For all k € Z> , any distribution £ £ S*(Y' , Sym k {CN^', )) H,x isM.-homogeneous 
of type <Xk where afe(A) := A~ 2fe . 

(iii) S*({0},Sym k (CNW } ) f'* = 0. 

Proof. We have proven (i) in the proof of the previous lemma. 

(ii) Fix xq :— (1,0) G Y' . Now we want to use the homogeneity criterion (propo- 
sition 2231) . Note that Stab^(x ) is trivial and Stab^ xRX (x ) = K x . Note that 
Ny™ Xo — F and Stabfi xRX (xo) acts on it by p(X)a — X 2 a. So we have 

Sym k (N¥, X0 ) = Sym k (N?, }Xo f X <^\ 

So by the homogeneity criterion any distribution £ € S*{Y' ,Sym k (CN^, )) H ' x is 
K-homogeneous of type . 

(iii) is a simple computation. Also, it can be deduced from (i) using proposition 

sxu □ 

Appendix A. Frobenius reciprocity 

In this section we obtain a slight generalization of Frobenius reciprocity proven 
in [Bar] (section 3). The proof will go along the same lines and is included for the 
benefit of the reader. To simplify the formulation and proof of Frobenius reciprocity 
we pass from distributions to generalized functions. Note that the space of smooth 
functions embeds canonically into the space of generalized functions but there is no 
canonical embedding of smooth functions to the space of distributions. 

Notation A.0.1. Let A be a smooth manifold. We denote by Dx the bundle of 
densities on X. For a point igXwe denote by Dx, x its fiber in the point x. If X 
is a Nash manifold then the bundle Dj has a natural structure of a Nash bundle. 
For its description see [AGlj . section 6.1.1. 



Alternatively, one can show that any _ff-invariant distribution on W supported at Y is a 
Schwartz distribution since Y has finite number of orbits. 
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Notation A. 0.2. Let X be a smooth manifold. We denote by C °°{X) the space 
C~°°(X) := T>(X, Dx) of generalized functions on X. Let E be a vector bundle 
on X. We also denote by C-°°(X, E) the space C-°°(X, E) := V(X, D x ® 23*) of 
generalized sections of E. For a locally closed subset Fclwe denote C x oc '(Y) := 
V X {Y, D x ) and C X °°{Y, E) := V X (Y, D x ® £*). 

We will prove the following version of Frobenius reciprocity. 

Theorem A. 0.3 (Frobenius reciprocity). Let a Lie group G act transitively on a 
smooth manifold Z . Let ip : X —> Z be a G-equivariant smooth map. Let zq £ Z. 
Denote by G Za the stabilizer of zq in G and by X Zo the fiber of Zq. Let E be 
a G-equivariant vector bundle on X. Then there exists a canonical isomorphism 
Fr : C~°°(X Za , E\ x ) Gz ° — ► C~ 00 (X,E) G . Moreover, for any closed G z -invariant 
subset Y C X Zo , Fr maps C x ™(Y,E\ x , o ) G *a to C X °°(GY,E) G . 

First we will need the following version of Harish-Chandra's submersion principle. 

Theorem A. 0.4 (Harish-Chandra's submersion principle). Let X,Y be smooth 
manifolds. Let E — > X be a vector bundle. Let ip : Y — » X be a submersion. 
Then the map ip* : C°°{X 1 E) — » C°°(Y, ip*(E)) extends to a continuous map ip* : 
C-°°(X,E) -> C-°°(Y,ip*(E)). 

Proof. By partition of unity it is enough to show for the case of trivial E. In this 
case it can be easily deduced from [Wall] . 8. A. 2. 5. □ 

Also we will need the following fact that can be easily deduced from [Wallj . 
8.A.2.9. 

Proposition A. 0.5. Let E — > Z be a vector bundle and G be a Lie group. Then 
there is a canonical isomorphism C^ co (Z, E) — * C~°°(Z x G,pr*(E)) G , where 
pr : Z x G — > Z is the standard projection and the action of G on Zx G is the left 
action on the G coordinate. 

The last two statements give us the following corollary. 

Corollary A. 0.6. Let a Lie group G act on a smooth manifold X . Let E be a G- 

equivariant bundle over X . Let Z C X be a submanifold such that the action map 
GxZ —* X is submersive. Then there exists a canonical map HC : C^ co (X,E) G — * 
C-°°(Z,E\ Z ). 

Now we can prove Frobenius reciprocity (Theorem IA.0.3|1 . 

Proof of Frobenius reciprocity. We construct the map Fr : C~ co (X Zo , E\ Xzg ) G *o — > 
C~°°(X, E) G in the same way like in [BerlJ (1.5). Namely, fix a set-theoretic section 
v : Z — > G. It gives us in any point z € Z an identification between X z and X ZQ . 
Hence we can interpret a generalized function £ £ C~°°(A Z0 , E\ Xz ) as a functional 
^ : C™(X z ,E*\ Xz ® D X J -» C, or as a map £, : C™(X Z , (E* ®D x )\ Xz ) -> D z , z . 
Now define 

Fr(0(/):= / Uf\xJ. 

It is easy to see that Fr is well-defined. 

It is easy to see that the map H C : C~ 00 ( X, E) G -> C~ 00 ( X Zo , E \ Xz(i ) described 
in the last corollary gives the inverse map. 
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The fact that for any closed G 2 -invariant subset Y C X ZQ , Fr maps C x °° (Y, E\ Xx . ) Gz ° 

to C x oc (GY, E) G follows from the fact that Fr commutes with restrictions to open 
sets. □ 

Corollary A. 0.7. Theorem \4.2.3\ holds. 

Proof. Without loss of generality we can assume that \ is trivial, since we can twist 
E by x -1 - We have 

V(X,Ef S* C-°°(X, E* ® D x f = C'-^iXz^iE* ® D X )\ X J G *° = 

{V{X Zo ,E*\ x J®D z , Z0 ) G *o. 

It is easy to see that in case that G and G Zo are unimodular, the action of G Za on 
Dz.z is trivial. □ 

Remark A. 0.8. For a Nash manifold X one can introduce the space of generalized 
Schwartz functions by Q(X) := S*(X,Dx). Given a Nash bundle E one may 
consider the generalized Schwartz sections G(X, E) := S*(X, D x <8> E*). Frobenius 
reciprocity in the Nash setting is obtained by restricting Fr and yields 

Fr : G(X,E) G = G(X Z ,E\ X J G \ 

The proof goes along the same lines, but one has to prove that the corresponding 
integrals converge. We will not give the proof here since we will not use this fact. 

Appendix B. Filtrations on spaces of distributions 

B.l. Filtrations on linear spaces. 

In what follows, a filtration on a vector space is always increasing and exhaustive. 
We make the following definition: 

Definition B.l.l. Let V be a vector space. Let I be a well ordered set. Let F l 
be a filtration on V indexed by i € /. We denote Gr*(V) := FV(Uj« fj )- 

The following lemma is obvious. 

Lemma B.l. 2. Let V be a representation of an abstract group G. Let I be a well 
ordered set. Let F l be a filtration of V by G invariant subspaces indexed by i G I . 
Suppose that for any i e / we have Gr l (V) G = 0. Then V G — 0. An analogous 
statement also holds if we replace the group G by a Lie algebra q. 

B.2. Filtrations on spaces of distributions. 

Theorem B.2.1. Let X be a Nash manifold. Let E be a Nash bundle on X . Let 
Z C X be a Nash submanifold. Then the space S X {Z 1 E) has a natural filtration 
pk ._ F k (S x (Z,E)) such that F k /F k - 1 = S* (Z, E\ z ® Sym k (CN§)). 

For proof see [AGlj . corollary 5.5.4. 

We will also need the following important theorem 

Theorem B.2.2. Let X be a Nash manifold, U C X be an open Nash submanifold 
and E be a Nash bundle over X . Then we have the following exact sequence 

-> S X (X\U,E) -^S*(X,E) ^S*(U,E\u) -> 0. 

Proof. The only non-trivial part is to show that the restriction map S* {X, E) — » 
S*(U, E\u) -> is onto. It is done in [AGl] . corollary 5.4.4. □ 
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Now we obtain the following corollary of theorem IB. 2. II using the exact sequence 
from theorem IB. 2. 21 

Corollary B.2.3. Let X be a Nash manifold. Let E be Nash bundle over X. Let 

Y C X be locally closed subset. Let Y — {j\ =0 Yi be a Nash stratification of Y . 
Then the space S X (Y,E) has a natural filtration F lk (S x (Y, E)) such that 

Gr lk (S x (Y,E))=S*(Y l ,E\ Yt ®Sym k (CN Y :)) 

for all i £ {1...Z} and k £ Z>o- 

Corollary B.2.4. Let X be a Nash manifold. Let E be Nash bundle over X . Let 

Y C X be locally closed subset. Let Y = {j\ = Q Yi be a Nash stratification of Y . 
Suppose that for any < i < I and any k € Z>o, we have 

S*{Y u E\ Y ®Sym k {CN^)) G = 0. 

Then S X (Y,E) G = 0. 

By theorem 14.2.41 this corollary implies theorem 14.2.11 

B.3. Fourier transform and proof of proposition 14.3721 

Notation B.3.1 (Fourier transform). Let V be a finite dimensional vector space over 
F. Let B be a non-degenerate bilinear form on V. We denote by Tb ■ S*(V) — > 
S*(V) the Fourier transform defined using B and the self-dual measure on V. 

We will use the following well known fact. 

Proposition B.3.2. Let V be a finite dimensional vector space over F. Let B be 
a non- degenerate bilinear form on V. Consider the homothety action p of F x on 
<S*(V). Then for any A £ F x we have 

P (\)oT B = \\\- di ^ v F B op(\- 1 ). 

Notation B.3.3. Let (p,£) be a complex representation of F x . We denote by 
JH(p,£) the subset of characters of F x which are subquotients of (p,£). 

We will use the following straightforward lemma. 

Lemma B.3.4. Let (p,£) be a complex representation of F x . Let\ be a character 
of F x . Suppose that there exists an invertible linear operator A : £ — > £ such that 
for any A £ F x , p(\) o A = x(A)j4 o p(A _1 ). Then JH{£) = 

We will also use the following standard lemma. 

Lemma B.3.5. Let (p,£) be a complex representation of F x of countable dimen- 
sion. 

(i) If JH(£) = then £ = 0. 

(ii) Let I be a well ordered set and F l be a filtration on £ indexed by i £ I by 
subrepresentations. Then JH(£) — lJ i6J JH(Gr l (£)). 

Now we will prove proposition 14.3.2"! First we remind its formulation. 

Proposition B.3.6. Let G be a Nash group. Let V be a finite dimensional repre- 
sentation of G over F . Suppose that the action of G preserves some non- degenerate 

n 

bilinear form B on V. Let V = [J Si be a stratification of V by G-invariant Nash 

»=i 

cones. 
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Let X be a set of characters of F x such that the set X ■ X does not contain the 
character | • |<> lm * 1 ' r . £, e t % be a character of G. Suppose that for any i and k, the 
space S* (Si, Sym k (C N^,)) G,X consists of homogeneous distributions of type a for 
some ael Then S*(V) G < X = 0. 

Proof. Consider S*(V) ,x as a representation of F x . It has a canonical filtration 
given by corollarv lB.2.31 It is easy to see that GT lk (S*(V) G ' x ) is canonically imbed- 
ded into (Gr k (S*(V)) G ' x . Therefore by the previous lemma JH(S* (V) G > X ) C 
On the other hand G preserves B and hence we have Tb '■ S*(V) G ' X — > S*(V) G ' X . 
Therefore by lemma [B.3.4l we have 

JH{S*{V) G ' X ) C | ■ |~ dimRV X. 

Hence JH(S*(V) G < X ) = 0. Thus S*(V) G >* = 0. □ 

B.4. Proof of proposition 14.3711 

The following proposition clearly implies proposition 14. 3. II 

Proposition B.4.1. Let X be a smooth manifold. Let V be a real finite dimensional 
vector space. Let U C V be an open non-empty subset. Let E be a vector bundle over 
X . Then for any k > there exists a canonical embedding T>(X, E ® Sym k (V)) ^ 
V(X x U,EMD V ). 

Proof. It is enough to construct a continuous linear epimorphism 

7T : C C °°(X x U, E B Dv) ~» C C °°(X, E ® Sym k (V)). 

By partition of unity it is enough to do it for trivial E. Let w 6 C^°(X x U, Dy) 
and x £ X we have to define tt(w)(x) € Sym k (V). Consider the space Sym k (V) as 
the space of linear functionals on the space of homogeneous polynomials on V of 
degree k. Define 

n(w)(x)(p) := / p(y)w(x,y). 
Jyev 

It is easy to check that tt(w) € C^°(X, Sym k (V)) and it is continuous linear epi- 
morphism. □ 
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